
698 HARVEY, LEONARD Macromolecules 

spectively.6 Barlow confirmed this type of opening by 
X-ray analysis of poly(trans-2-butene oxide) which was 
found to be erythro diisotactic.’ Present work on PEO shows 
that the conclusion about inversion ring opening may be 
extended to more general cases, that is, various types of 
polymerizations with cationic, anionic, and coordination 
catalysts. 

Appendix 

The internal coordinates and the numbering of the atoms 
are given in Table VII. The local symmetry coordinates for 
the j th  monomeric unit, and the intermediate symmetry 
coordinates for the pth asymmetric unit (corresponding to 
eq 7 of ref 8) are given in Tables VI11 and IX, respectively. 

(6j E. J. Vandenberg, J .  Amer. Chem. Soc., 83,3538 (1961); J .  Polym. 

(7) M. Barlow, J .  Polym. Sci., Part A-2, 4 ,  121 (1966). 
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and S. Murahashi, J .  Chem. Phys., 38, 703 (1963). 

In Table IX, the subscripts s and a represent symmetric and 
antisymmetric with respect to  the twofold axes (on the mid- 
point of the C-C bond or the oxygen atom), respectively. 
The subscripts I and I1 for threo-disyndiotactic PEO-d2 refer 
to the twofold rotation axes on the C-C bonds of the Newman 
projections I and 11, respectively. The definition of the 
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subscripts I and I1 for erythro-disyndiotactic PEO-d2 are 
different from the threo-disyndiotactic case. These are 
associated with the twofold rotation axes on the oxygen atoms 
shown by the following Newman projection. 
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ABSTRACT: Reversible addition of monomer A and monomer B to active copolymer chains leading to the formation of A-A, 
A-B, B-B, and B-A b’onds is considered. PAA, the probability that monomer A is added to a chain ending with A unit, is set 
equal to K exp( -AGAAJRT), where K is a numerical constant found to be one and AGAA, is the free energy change upon the 
addition in solution under conditions prevailing at equilibrium of 1 mol of monomer A to copolymer chains in order to form 
A-A bonds. All other probability terms PAB, PBB, and PBA are defined analogously, and a simple general expression written in 
terms of free energy of polymerization in solution is obtained. This general expression is applied to equilibrium bulk copo- 
lymerization where monomers A and B are solvent for their copolymer. Making allowance for the nonideal behavior of the 
solution through the use of Flory’s expression for the partial molar free energy of mixing of monomers and copolymer, an equa- 
tion is written in terms of volume fractions of monomer A,  &, monomer B, $b ,  and copolymer, $J~ .  and qbb 

with q5p and that of x B  with baa are computed for different values of free energy of polymerization and interaction parameters 
between monomer molecules, xa being the mole fraction of monomer A in the copolymer and the volume fraction of the 
same monomer in the initial feed. 

Variations of 

n recent years, copolymerization with depropagation with I respect to both monomers has been treated by a number 
of authors. Solution to  this complex problem has been 
considered through a as well as thermodynamic 
approach. 4-6 Thermodynamic treatments by Thei14 and 
Sawadas seem to refer to  the formation of pure copolymer 
without any reference to  the medium of copolymerization. 
More recently, Izu and O’Driscol16 have considered complete 
reversibility for copolymerization in an ideal solution and 
made use of a Monte Carlo technique for a numerical solu- 
tion.’ In the present paper, complete reversibility in equilib- 
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rium copolymerization in solution is considered, taking into 
account the nonideal behavior of the medium. Specific 
equations for equilibrium bulk copolymerization where mono- 
mers are solvent for their copolymer are derived. 

The Model 
In the case of equilibrium copolymerization in solution 

with complete reversibility, the overall equilibrium is estab- 
lished with respect to four reversible reactions 

-A* + A e -AA* (1) 
-B* + A -e -BA* (11) 
-B* + B e -BB* (111) 
-A* + B -AB* (IV) 

These equations describe the reversible addition of monomers 
A and B to active chains ending with A* or B* ; this set of 
reactions is known as the dyad model. 

In the present work, we consider the formation of 1 base mol 
of copolymer of infinite molecular weight and of composition 
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xA and X B ,  X A  and X B  being the mole fractions of monomer A 
and monomer B which are added to active chain ends under 
equilibrium conditions. The free energy of copolymeriza- 
tion is computed through the approach previously used in 
the cases of bulks and solutiong homopolymerizations. The 
free energy of copolymerization in an equilibrium mixture 
may be expressed as the sum of three terms 

(1) -(XAAC;la + XBAcb) + AGI, f A d ,  = O 

The first term in parentheses represents the free energy change 
associated with the removal of 1 mol of monomer from the 
equilibrium mixture without changing its concentration. 
AGa and Af& are the partial molar free energies of monomers 
A and B, respectively, multiplied by the appropriate quanti- 
ties X A  and X B .  AGlc is the free energy change for the con- 
version of 1 mol ( X A  + XB) of liquid monomer into 1 base 
mol of amorphous copolymer. AG, is the partial molar free 
energy of the copolymer, the free energy change associated 
with the addition of 1 base mol of copolymer to the equilib- 
rium mixture. 

AG1, represents the sum of the free energy changes as- 
sociated with reactions I-IV. AGAA is the free energy change 
for the addition of 1 mol of liquid monomer A to amorphous 
copolymer chains ended by a monomer unit A. The contri- 
bution of this to AGI,  is given by XAAAGAA, where X A A  is 
the fraction of monomer over a total of 1 mol of monomer 
that forms an A-A bond. AGBA, AGBB, AGAB and X B A ,  

X B B ,  X A B  are defined analogously for reactions 11, 111, and 
IV. The value of X A A  is equal to PAA,  the compound prob- 
ability that monomer A is added to an active chain ending 
with A. Similarly, PBA is the probability that monomer A is 
added to an active chain ending with B and is equal to X B A .  

P A A  + PBA represents the probability that monomer A is 
added to an active chain end irrespectively of the nature of 
that chain end and this is equal to X A .  PBB and PAB being 
defined in a similar fashion, it follows from all these definitions 
that 

X A  = X A A  + X B A  = P A A  + P B A  (2)  
X B  = X B B  + X A B  = P R B  + P A B  (3) 

X A  + XB = P A A  + P B A  + P B B  + PAB = 1 (4) 
AGiC = PAAAGAA + PBAAGBA + 

PBBAGBB + PABAGAB + AGD ( 5 )  
The introduction of the term AGD is made necessary owing to 
the fact that in the course of monomer addition, two different 
monomers are distributed at the chain ends in order to form 
four types of bonds. AHfor this process is negligible so that 

AGD = -TA& = - T k l n Q  (6) 
where k is the Boltzmann constant and fi is the number of 
ways of arranging NAA,  NBA,  NBB,  and NAB bonds among a 
total of N bonds, N being the Avogadro number. Using 
the law of permutations, one obtains 

1 T I  

Using Stirling’s approximation and with N A A  = XAAN = 

PAAN, N B A  = X B A N  = PBAN, N B B  = X B B N  = PBBN,  and 
NAB = X A B N  = PABN,  eq 7 becomes 

ASD = -Nk(PAA In PAA + P B A  In P B A  + 
PBB In P B B  + PAB In P A R )  (8) 

(8) I<. J. Ivin and J .  Leonard, Pclymer, 6 ,  621 (1965). 
(9) I<. J. Ivin and J. Leonard, Ertr.Polym. J . ,  6 ,  331 (1970). 
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ASD is different from the entropy term included in AGAA, 
AGBA,  AGBB, and AGAB. ASAA is the change in entropy 
when one mol of liquid monomer A is transformed into 
polymer in order to form 1 mol of A-A bonds. In ASAA, 
it is not taken into account that a mixture of four different 
types of bonds is formed, this contribution to the total 
entropy change being computed through ASD. 

A General Expression 
In order to obtain a general expression in terms of mea- 

surable variables, one has to evaluate the above probability 
terms. The occurrence of reaction I, expressed by PAA,  
is a function of A G A A ~ ,  the free energy change when 1 mol 
of monomer is converted into 1 mol of A-A bonds in solution 
under overall equilibrium conditions. Accordingly, the prob- 
ability that monomer A will add to a chain ending with a 
monomer unit A is set as PAA = K ~ X ~ [ - A G A A , / R T ] .  PBA,  
P B B ,  and PAB are defined in the same manner, so that 

PAA = K eXp[ -AGAA~/RT]  E K expX 

PBA = K exp[ -ABAb/Rr] K expZa 
(9) 

PBB = K exp[ -AGBBs/RT] E K exp Y 
PAR = K exp[ - AGARs/RT] K expZh 

where K is a proportionality constant. Assuming that, 
under equilibrium conditions, the proportions of chains 
ending with A and B remain constant and, since these propor- 
tions are not changed after reactions I and 111, it necessarily 
follows that PAB = PBA so that one can write 

(10) PAB = P B A  = K exp(2, + Zb)/2 

As has been stated in the case of eq 1, the free energy of 
polymerization of 1 mol of monomer in solution may be 
considered as the sum of three terms: the free energy change 
for the removal of 1 mol of monomer from the mixture 
( -AQ,  or -A&), the free energy change for the conver- 
sion of 1 mol of liquid monomer to 1 base mol of amorphous 
polymer (AGAA, AGBA, AGBB, or AGAB), and the free energy 
change for the addition of 1 base mol of copolymer to the 
mixture (AGp).  Consequently, the four free energy terms 
appearing in eq 9 may be written as 

-AGAAs/RT = (AOa - AGp - AGAA)/RT = X 
- A G B A ~ / R T  = (AG, - AGp - AGBA)/RT = Za 

-AGses /RT = (A& - - AGBB)/RT = Y 
-AGABJRT = (A& - A(?, - AGAB)/RT = z b  

(1 1) 

Substituting eq 2, 3, 4, and 5 in eq 1, dividing by RT, rear- 
ranging the expression, and using definitions given in eq 11, 
one obtains 

- P A A X  - PBAZa - PBRY - PABZb + AGD/RT = 0 (12) 

With AGDIRT obtained from eq 6 and 8, and making use of 
eq 9 and 10, eq 12 becomes 

(In K)(K expX + K expY + 2K exp( (2, + z b ) / 2 } )  = (13) 

(In K)(PAA + PBB + PBA + PAD) = 0 (13a) 

From eq 4, 9, and 10, it can be seen that the expression in 
parentheses in eq 13a is equal to unity and therefore K .  
From eq 13, one can write 

expx + e x p ~  + 2 exp{ (z, + zb)/2) = 1 (14) 
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Figure 1. Equilibrium bulk copolymerization. Variation of 
volume fractions &, $b, and $p for Xab = 0, AGAA/RT, AGBBIRT, 
and AOABIRT being respectively: (curve 1) -1.0, +1.0, 0; (curve 
4) 0, +1.0, $0.5; (curve 8) +0.5, +l.O, +0.75; (curve 12) +l.O, 
+1.0, + l . O ;  (curve 17) +1.0, +1.5, $1.25. 

or more explicitly 

exp{ (AGa - AGp - AGAA)/RT} + 
eXp{(A& - AGp - AGBB)/RT} -I- 

2 exp{ ( A G a  f & - 2 AGp - 
AGAB - AGBA)/~RT} = 1 (15) 

Equations 14 and 15 are simple general expressions which 
describe a complex situation. These equations are written 
solely in terms of free energy without any specific reference 
to probability terms as such. From eq 14 and 9, it follows 
that free energy changes associated with reactions I-IV in 
solution should be larger than zero in order to obtain every 
term smaller than one. In the case of homopolymerization, 
reactions 11-IV do not take place and, under equilibrium 
conditions, A G A A ~  is zero, which is consistent with eq 14. 

Application to bulk copolymerization 
Equation 15 is a general expression which should be ap- 

plicable to any equilibrium copolymerization in solution. 
In the present study, this equation is applied to bulk copoly- 
merization where the monomers are solvent for their co- 
polymer. Then, the copolymerization mixture consists 
of a three-component system: two monomers and one co- 
polymer. 

Flory's thermodynamic treatment10 of ternary systems 
consisting of a single polymer in a binary solvent mixture 
is applied to bulk copolymerization, so that for very high 
molecular weight copolymer, one can write 
A&/RT = In '$8 + (1 - $8)  - (Va/Vb)$b f 

( X a b 4 b  + Xap&)(4b f +p) - Xbp(Va/Vb)'$b'$p (16) 

AGb/RT = In 4 b  f (1 - 4 b )  - (Vb /Va)+a  + 
( X b a 4 a  + Xbp'$p)(da f 4 p )  - Xap(Vb/Va)d 'a4p (17) 

GIRT = (l/n)[ln 4p + (1 - 4p) - ( n ~ p / ~ a ) + a  - 

(nVp/Vb)'$b f ( X p a 4 a  f Xpb+b)(+a f '$1,) - 
Xab(n V p / V a ) 4 8 4 b l  (1 8) 

(10) P. J. Flory, "Principles of Polymer Chemistry," Cornel1 Uni- 
versity Press, Ithaca, N. Y., 1953, p 549. 

Figure 2. Equilibrium bulk copolymerization. Effect of Xab on 
the system-composition curve. With AGAAIRT, AGBBIRT, and 
A ~ A B I R T  being equal to 0, f l .0 ,  $0.5, respectively: (curve 4) 

A C ; ( ~ ~ / R T  = $1.0, Xab is equal to: (curve 12) 0, (curve 13) +1.0, 
(curve 14) -0.5. 

Xab = 0, (Curve 6) Xab +I.O. With AGAAIRT = AGBB/RT = 

Because AG, is referring to 1 base mol of copolymer, Flory's 
expression in eq 18 is divided by n, the average number of 
monomer units in a chain of copolymer. In these expres- 
sions, subscripts a, b, and p refer to monomer A, monomer B, 
and copolymer, respectively. #I is the volume fraction of any 
species under equilibrium conditions and x is the interaction 
parameter between any two components of the system. 
V ,  and V b  are the molar volumes of monomers A and B, 
respectively, and V ,  is the average molar volume of a mono- 
mer unit in the copolymer. 

With xjl  = xi,(V,/V,), assuming there is no preferential 
solvation of the copolymer so that xap = X b p  = x, taking 
V ,  = V b  = V, and bearing in mind that n is large, eq 16, 17 
and 18 become 

ABJRT = In 4 a  + 1 - 4 a  - 4 b  + 
( X a b 4 b  f X&)(+b + 4,) - X 4 b &  (19) 

A G b / R T  = In 4 b  -/- 1 - 4 b  - 4 a  + 
( X a b 4 a  f X d p ) ( d a  + - X4e.d~ (20) 

A G p / R T  = -48 - 4 b  f 

( X 4 a  + X 4 b ) ( 4 a  f 4 b )  - X a b 4 a 4 b  (21) 

From eq 19, 20, and 21, with &, + I#Jb f q5p = 1, it is readily 
found that 

(AB, - Adp)/RT = In +a f 1 + 
X a b 4 b  + X - 2X(48 + '#'I>) (22) 

(A& - A B p ) / R T  = In 4 b  f 1 + 
X a h 4 a  f X - 2X(d'a f 4 b )  (23) 

Substituting eq 22 and 23 in eq 15, one finally obtains 

exp{ 1 + x - 2 x ( + a  + 4b)J [+a expl X a b 4 b  - AGAA/RTI + 
4 b  exp{ X a d a  - AGBB/RTI + 

24,'/2 4b1'2 e x P I X a b ( 4 a  + $b)/2 - 

(AGAR + AGBA)/~RT]]  = 1 (24) 
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TABLE I 
THERMODYNAMIC PARAMETERS USED FOR THE COMPUTATION 

OF &, #%, $p, and X A  with x = 0.4 

AGAA/ AGBB/ 
Cases RT R T  

1 -1.0 +1.0  
2 -1.0 +1.0 

3 -1.0 +1.0 

4 0 +1.0 
5 0 +1.0 

6 0 +1.0 
7 +0.5 +0.5 
8 +0.5 +1.0 
9 +0.5 +1.0 

10 +0.5 +1.0 
11 +0.5 +1.5 
12 +1.0 +1.0 
1 3  +1.0 +1.0 
14 +1.0 +1.0 
15 +1.0 +1.0 

16 +1.0 +l .O 
17 +1.0 +1.5 
18 +1.0 + 1 . 5  

19 + 1 . 5  +1.5 

20 +1.5 + 1 . 5  
21 +2.0 -1.0 

Xab Remarks 

0 
0 

0 

+O. 5 
+O. 5 

$0.5 
$0.5 
+O. 75 
-0.25 
f1.75 
+1.0 
+1.0 
+1.0 
+1.0 
+1.0  

- 3 . 5  
+1.25 
+1.25 

+ 1 . 5  

- 2 . 0  
+ i . O  

0 
+1.0 

-1.0 

0 
-1.0 

+1 .o 
0 
0 
0 
0 

+1.0 
0 

+1 .o  
-0.5 
-1.0 

0 
0 

-0.5 

0 

0 
0 

Figure 1 
+p 1 higher than 

in case 1 
Identical with 

case 1 
Figures 1 and 2 
Identical with 

case 4 
Figure 2 
Figure 4 
Figures 1 and 3 
Figure 3 
Figure 3 
Figure 5 
Figures 1, 2, and 4 
Figure 2 
Figure 2 
No polymeric ma- 

terial formed 
Figure 4 
Figure 1 
No polymeric ma- 

terial formed 
No polymeric ma- 

terial formed 
Figure 4 
Figure 5 

If interaction parameters x and Xab andAG terms are known, 
eq 24 can be used for the computation of +a as a function 
of f$b or +p,  In the case where one of the monomers, say 
monomer B, is much more reactive than monomer A so that 
monomer B polymerizes completely and very rapidly, at 
equilibrium all active chains are ended by A units and are in 
equilibrium with monomer A. This situation is equivalent 
to an equilibrium homopolymerization. Under these con- 
ditions, &, is equal to zero and eq 24 is reduced to 

1 + x - + In +a - AGAA/RT = 0 (25) 

which is the equation derived by Ivin and Leonard for equilib- 
rium bulk polymerization.* 

Calculations 
Composition of a copolymerization system at equilibrium 

may be computed through the use of eq 24, values of AGAA/ 
RT, AGBdRT, Af?AB/RT( = ( A c . 4 ~  f AGBA)/~RT),  Xab, and x 
being known. Computations have been carried out for 
typical cases listed in Table I. A value of 0.4 has been as- 
cribed to x for all cases. 

Figure 1 shows various system-composition curves for 
Xab = 0 and Af?AB/RT = l/Z(AGAA + AGBB)/RT. AS ex- 
pected, curves are displaced toward the upper part of the 
diagram (high value of +p) with decreasing value of AGiJ 
RT. It can be seen from curve 1 that, due to the negative 
value of AGAA/RT, 4a will be small compared to +b and +p. 

All free energies of polymerization being equal, curve 12 is 
symmetrical, since all possible additions of monomer mole- 
cules to the polymeric chains are equally favored. In this 
case, Xab being zero, monomer units A and B should be dis- 
tributed at random in the polymeric chains. Curve 17 is 
typical of a system where both monomers have little tendency 

Figure 3. Equilibrium bulk copolymerization. Effect of AGAB/RT 
on the system-composition curve. With Xab = 0, AGAAIRT = 
+0.5 and AGBB/RT = +1.0, AQAB/RT is equal to: (curve 8) 
+0.75, (curve 9) -0.25, (curve 10) $1.75. 

to polymerize or copolymerize. No high molecular weight 
material should be formed if all three AGij/RT values are equal 
to + 1.5. 

The effect of interaction between the two monomers on the 
equilibrium position is observed by allowing Xab to vary. 
In general, a negative value of Xab, which may be related to 
strong attractions between monomer molecules, hinders the 
formation of copolymer, whereas a positive value enhances 
it. This effect is negligible when the degree of conversion 
is high, as in the cases 1-6 (see Table I and Figure 2). How- 
ever, the effect becomes very important for high values of 
AGij/RT. As can be seen from Figure 2 (cases 12-15), the 
maximum value of 4p decreases from 0.62 for Xab = f 1 . 0  
to 0.30 for Xab = -0.5 and no high molecular weight material 
is formed with Xab = - 1.0. 

All the curves given in Figures 1 and 2 are computed using 
AcAB/RT as the average of AGAA/RT and AGBB/KT. How- 
ever, this is often not the case, and the composition of the 
system at equilibrium may strongly depend on the value of 
A ~ A B I R T .  Curves with AcAB/RT equal to the average and 
differing by -1  and +1 from the average (cases 8, 9,  and 10) 
are shown in Figure 3. 

Composition of the copolymer is expressed by X A ,  and from 
eq9,11,22,and23,oneobtains 

X A  = PAA + PBA = expI1 + x - 2x(+a + +h)) x 
[+a exp(xab6 - AGAA/RT) + 

&1’24b1’2 exp{ Xab(4b -k h ) / 2  - AGAB/RT)I (26) 

Recently3 it has been shown that, in the case of a stationary 
system, there is equivalence between the conditional prob- 
ability at chain end and that in the main chain. Izu and 
O’Driscol16 have expressed the copolymer composition FA 
in terms of the conditional probabilities 1 - 7 and 1 - e.  
With 1 - 7 = PABIXB and 1 - t = P B A / X A  and bearing in 
mind that PBA = PAB, it is found that FA is identical with 
our function XA, so that X A  may be considered as the copoly- 
mer composition. Computations of X A  as a function of 
+aO,  the volume fraction of monomer A in the initial feed, 
have been carried out for a number of cases and results are 
shown in Figures 4 and 5. Values of XA are obtained from 
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Figure 4. Variation of xA, the mole fraction of monomer A in the 
copolymer, with &'), the volume fraction of monomer A in the 
initial feed with Xab = 0 and AGAA/RT, A G B B ~ R T ,  and AGAB/RT 
being respectively: (curve 7) $0.5, +0.5, $0.5; (curve 12) +1.0, 
+1.0, +1.0; (curve 16) +1.0, +l.O, -3.5; (curve20) f1.5, $1.5, 
- 2.0. 

eq 26 and the corresponding value of &O is obtained from 

Figure 4 shows the curves obtained for cases 7 and 12 where 
all three values of AGtj/RT are identical. With values of 
+OS, the curve is slightly sigmoidal and linear with values 
of f1.0. In the latter case, the curve does not cover the 
full range of c $ ~ O ,  since for 4ao smaller than 0.1 and larger than 
0.9, polymerization does not take place under those condi- 
tions. With A.dAB/RT = -3.5 (case 16), the position of the 
curve is identical with that of case 12 but the full range of 
4ao is covered. Here, because of the low value of ABAB/RT, 
even at low concentration, the available monomer A will 
copolymerize to form A-B bonds. In case 20, both monomers 
have very little tendency to homopolymerize and a high 
proportion of A-B bonds is expected. This is reflected 
in the values of XA that range between 0.3 and 0.7 for any 
initial feed. 

Sets of dissimilar values of AGtj /RT yield different types of 
curves, some of which are illustrated in Figure 5. In case 
11, the value of X A  is always high, since the addition of mono- 

+ao = +a + XA&. 

0 0.5 10 

4 
Figure 5. Variation of XA, the mole fraction of monomer A in the 
copolymer, with the volume fraction of monomer A in the 
initial feed with AGAA/RT,  AGBB/RT,  A ~ A B / R T ,  and Xsb being 
respectively: (curve 11) +0.5, $1.5, +1.0, +1.0; (curve21) +2.0, 
-1.0, +2.0, 0. 

mer A is favored in comparison with that of monomer B. 
On the other hand, in case 21, because of the high values 
of AGAA/RT and ABBAIRT, important addition of monomer 
A is prevented so that the A content in the copolymer is 
always low whatever the composition of the initial feed is. 

In general, the value of Xab has a negligible effect on the 
position of the copolymer-composition curve contrary to 
the system-composition curve (see Figure 2). However, 
the range of q j B o  where polymerization is possible is extended 
by an increase in the value of X& if this increase is accom- 
panied by a higher degree of conversion. 

The curves presented in Figures 4 and 5 are similar to 
curves computed by Izu and O'Driscoll7 through the use of 
the Monte Carlo method, although a direct comparison 
between the two sets of results is made difficult, since the 
reference states for the free energy terms are different. 
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